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Abstract
We study the critical point (CP) phenomenon through the increase of fluc-
tuations related to characteristic critical mode. CP would also be identified
through the production of primary photons induced by conformal anomaly of
strong and electromagnetic interactions. The novel approach to an approxi-
mate scale symmetry breaking is developed for this.
1. The heavy ion collisions at their very early stage produce the gluon fields
that are abundant in the hot phase space at high temperatures T and the baryon
density. This is an ideal example to the theory with the conformal sector where the
scale invariance is exact and no massive particles are emerging. The invariance with
respect to the scale transformations of coordinates xµ → ωxµ (ω is an arbitrary
constant) corresponds to the conservation of the dilatation current Sµ = θµνxν :
∂µS
µ = θµµ = 0, where θ
µ
µ is the trace of the energy-momentum tensor θµν . Because
of the presence of strong gluon fields the QCD vacuum is disordered and scale
invariance is destroyed by the appearance of the dimensional scale µ [1]
µ =MUV exp(−8 π
2/b0 g
2
0),
with MUV being the ultra-violet (UV) scale, g0 is the bare coupling constant and
b0 is the coefficient in the β-function to be defined later. In the vicinity of QCD
critical point (CP) µ→ 0 at small enough b0 and g
2
0.
Within the breaking of conformal invariance all the processes are governed by the
conformal anomaly (CA) resulting from running of g(µ) in the β -function. From
this Sµ is already non-conserved in the theory containing, e.g., the gluon and quark
degrees of freedom (d.o.f.): the divergence of Sµ is proportional to the β-function
and the quark masses. For SU(N) gauge theory with N number of colors and Nf
number of flavors in the fundamental representation, the β-function is
β(αs) ≡ µ
∂αs(µ)
∂µ
≡ −
b0
2π
α2s −
b1
(2π)2
α3s + ...,
where αs ≡ αs(µ) is the renormalized gauge coupling constant defined at the scale µ;
b0 and b1 are known coefficients. There could be an approximate scale (dilatation)
symmetry if β(αs) is small enough and αs(µ) is slowly running with µ. Theory
becomes conformal in the infra-red (IR) with the non-trivial solution α⋆s = −2π b0/b1
(IR fixed point (IRFP) or the Banks-Zaks [2] conformal point) in the perturbative
domain if b0 = (11N−2Nf)/3 is small. The latter is happened when (N/Nf) ∼ 2/11.
Once Nf decreases near the phase transition (the value of α
⋆
s increases) the CP is
characterized by αcs < α
⋆
s at which the spontaneous breaking of the chiral symmetry
is occurred, and the confinement does appear. In the neighborhood of the IRFP the
β-function is approximated by [3]
β(αs) ≃ −∆αs(µ/Λ)
δ,
where 0 < ∆αs = δ · (α
⋆
s−α
c
s) << α
c
s, δ ≤ O(1). The spontaneous breaking of chiral
symmetry in certain gauge theories may also imply the spontaneous breaking of an
approximate conformal symmetry [4]. Once the latter is broken spontaneously, a
light scalar dilaton could emerge as a pseudo-Goldstone boson of scale symmetry.
The very natural appearance of a dilaton comes from the field theory given by
the Lagrangian density (LD) in the general form
L =
∑
i
gi(µ)Oi(x), (1)
where the local operator Oi(x) has the scaling dimension di. LD (1) will be scale
invariant under dilatations xµ → eωxµ with Oi(x) → e
ωdiOi(e
ωx) and µ → e−ωµ
if gi(µ) is replaced by gi(µ) → gi[µ(χ/f)](χ/f)
4−di. The new dilaton field χ(x)
as the conformal compensator introducing a flat direction transforms according to
χ(x) → eωχ(eωx). The order parameter f = 〈χ〉 for scale symmetry breaking is
dictated by the dynamics of a relevant strong sector. From this one obtains [5]
θµµ =
∑
i
gi(µ) (di − 4)Oi(x) +
∑
i
βi(g)
∂
∂gi
L.
The theory is scale invariant if di = 4 and βi(g) = 0. We suppose that at the scale
≥ Λ (QCD scale) the dilaton is formed as the bound state of two gluons, the glueball
χ = O++, with the mass m ∼ O(Λ). The χ may be understood as the string ring
solution so that the ends of the string meet each other to form a circle with some
finite radius.
2. The critical phenomena of strong interacting matter have been studied in
many papers (see, e.g., the ref. in [6]). The mechanism towards the observation of
2
CP via the influence quantum fluctuations of two-body Bose-Einstein correlations
for observed particles to which the critical end mode couples has been developed in
[7]. In this paper, the CP is identified through the increase of fluctuations related
to some characteristic critical mode. The latter is naturally given by the mass m
of the dilaton with the correlation length ξ = m−1 which acts as a regulator in the
IR. The CP is characterized by ξ → ∞. The fluctuation of ξ are not measured
directly. However, these fluctuations do influence fluctuations of observed particles,
e.g., photons, to which the critical mode couples. We consider the glueball field χ(x)
as the stochastic one obeying the Langevin-type equation
∂L[χ(x)]
∂χ(x)
= h(x), (2)
where h(x) is the random (stochastic) source. Because of the gluon fluctuations
influence, h(x) can be given as h(x) = mgBµ(x)I
µ, where Bµ stands as the vector
(gluon) field, mg is the effective thermal gluon mass and Iµ is an auxiliary unit
vector.
The probability distribution of the field χ is given by P[χ] ∼ exp(−G[h]/T ),
where
G[h] = ln
∫
Dχ e−
∫
dxL(x)
defines the free energy Fh averaged over h(x) (see [8])
Fh =
∫
DhG[h] e−
1
2
∫
dx h2(x)
with the classical LD
L(x) =
1
2
χ(x)∆χ(x)−
1
2
m2χ2(x)− λχ4(x) + h(x)χ(x).
The following expression averaged over Bµ
〈Baµ(x)B
b
ν(x
′)〉 = 2δab δµν δ(x− x
′)
is the Gaussian color noise because of the presence of color field. The most IR
divergent contributions are from the maximum number of h2(x) insertions. For a
sufficiently large ratio mg/T near the phase transition the gluon thermodynamic
potential
Ωg ∼ T
∫
d3~p
(2 π)3
ln
(
1− e−Eg/T
)
, Eg =
√
|~p|2 +m2g
3
can be expanded with the strong effective gauge coupling g(T ) = mg(T )/T .
The two-point correlation function (TPCF) is
Wh(x) = 〈χ(x)χ(0)〉h ∼ ξ
4
∫
Dh χ˜h(x) χ˜h(0) e
−
1
2
∫
dyh2(y), (3)
where χ(x) = ξ2χ˜h(x) is the solution of Eq.(2) with the strong enough gluon stochas-
tic source h(x), where
χ˜h(x) ≃
1
V
e(x+const)/ξ − h(x),
V is the volume conjugate to the scale of IR. The most significant result of (3) is the
strong dependence on ξ which is one of very sensitive signatures of the CP as ξ →∞.
The maximum of the probability distribution P[χ] is at χ(x) = 0, where the strong
distortion due to gluon fluctuations at large distances x ≃ ξ ln(hV ) − const, are
occurred. We find that the almost massless dilatons mediate the long-range strong
forces which influence on the global dynamics above the phase transition. On the
contrary, the deconfined phase is provided by the color charge screening at distances
of the order of Debye mass.
3. A light dilaton is a natural object in the theory with an approximate scale
symmetry accompanied by the spontaneous symmetry breaking of chiral symmetry.
There is no such state in QCD. The production of χ would be via two gluon fusion,
gg → χ. The corresponding cross section in proton-proton collisions is
σ(pp→ χχ) = σ(pp→ hX)
Γ(χ→ gg)
Γ(h→ gg)
,
where Γ stands for the partial decay width and h is the light hadron, e.g., π0 meson.
The dilatons are unstable and they decay into two photons. At high T the CA acts
as the source of primary photons (or soft photons in heavy-ion collisions [9]) not
produced in the decays of hadrons. When T is going down the χ states disappear
and there will be an abundant production of photons through the decays of light
hadrons.
4. The couplings of χ to the Standard Model (SM) fields are easily be established
using the Higgs-like models by replacing the vacuum expectation value of the Higgs
by f subject to χ:
∂µ〈0|S
µ(x)|χ(p)〉 = 〈0|θµµ(x)|χ(p)〉 = −f m
2 e−i p x,
where for the on-shell case
〈0|θµν(x)|χ(p)〉 = f(pµpν − gµνp2)e−i p x, p2 = m2,
4
and 〈0| is the vacuum state corresponding to spontaneously broken dilatation (and
chiral) symmetry.
In the exact scale symmetry χ couples to SM particles through the trace of θµν
L =
χ
f
(
θµµ tree + θ
µ
µ anom
)
. (4)
The first term in (4) is proportional to particle masses
θµµ tree = −
∑
q
[mq + γm(g)]q¯q + 2m
2
WW
+
µ W
−µ +m2ZZ
µZµ −
1
2
m2χ2 + ∂µχ∂
µχ,
where q are quark d.o.f. with the mass mq, γm are the corresponding anomalous
dimensions. In contrast to the SM, the dilaton couples to massless gauge bosons
even before running any SM particles in the loop, through the trace anomaly. The
latter has the following term for photons and gluons:
θµµanom = −
α
8 π
bEM FµνF
µν −
αs
8 π
∑
i
b0i G
a
µνG
µν a,
where α is the fine coupling constant, bEM and b0i are the coefficients of electro-
magnetic (EM) and QCD β functions, respectively. If the strong (and EM) inter-
actions are embedded in the conformal sector the following relation for light and
heavy particles sectors is established above the scale Λ (in UV) [5]:
∑
light b0 =
−
∑
heavy b0, where the mass of χ splits the light and heavy states. The anomaly
(non-perturbative) term for gluons in (4)
αs
8 π
blight0 G
a
µνG
µν a =
β(g)
2 g
GaµνG
µν a, blight0 = −11 +
2
3
nL
is evident, where the only nL particles lighter than χ are included in the β-function,
β(g) = blight0 g
3/(16 π2). Form ∼ O(Λ) one has nL = 3 that indicates about 14 times
increase of the χ g g coupling strength compared to that of the SM Higgs boson.
5. The light dilaton operates with low invariant masses where two photons are
induced effectively by gluon operators. In the low-energy effective theory, valid
below the conformal scale Λconf = 4 π f , at small transfer-momentum q we have
〈γγ|θµµ(q)|0〉 ≃ 0 and [10]
〈γγ|
blight0 αs
8 π
GaµνG
µν a|0〉 = −〈γγ|
bEM α
8 π
FµνF
µν |0〉, ~q = 0.
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The partial width of the decay χ→ γγ is
Γ(χ→ γγ) ≃
(
αFanom
4 π
)2
m3
16 π f 2
,
where the only CA does contribute through
Fanom = −(2nL/3)(bEM/b
light
0 ), bEM = −4
∑
q:u,d,s
e2q = −8/3,
eq is the charge of the light quark. In the vicinity of IRFP the mass of χ is given
by m ≃
√
1−Nf/N cfΛ [3], where N
c
f is the critical value of Nf corresponding to
αcs at which the chiral symmetry is breaking and the confinement is appeared. In
order to estimate Γ(χ → γγ) we take f ≃ Λ. When one approaches the CP the
absolute value of Fanom decreases due to increasing of b
light
0 as nL → 0. The second-
order phase transition is characterized by the limits Nf → N
c
f and Λ→ 0, hence no
primary photons should be evident through a detector. In the IR (α⋆s > α
c
s) one can
estimate the rate of primary photons escape compared to the width of the decay
π0 → γγ [11]:
Rχ =
Γ(χ→ γγ)
Γ(π0 → γγ)
∼ 4%.
Actually, Rχ → 0 as α
⋆
s → α
c
s at the CP. On the other hand, Rχ = 0 should be
viewed as an UV fixed point of the strong coupling phase transition. Thus one
expects the suppression of primary photons escape once going away from IR to UV.
6. In summary, the novel approach to an approximate scale symmetry breaking
up to the phase transition at the critical (end) point is suggested. The possible
determination of the phase boundary between the confinement-deconfinement border
and the high T plasma phase can be seen inside the conformal window. We find the
singular behavior of TPCF (3) ∼ ξ4 as the CP is approached (ξ →∞). The CP can
be found as those followed by IRFP where the primary photons are detected. The
origin of these photons is CA through the decays of the dilatons. When the incident
energy scans from high to low values, the deviation of the primary photons escape
rate Rχ from zero to a couple percents (primary photons production compared to
that from π0 → γγ decay) will indicate the appearance of CP. At the CP no escape
of the primary photons are seen.
References
[1] A.A. Migdal and M.A. Shifman, Phys. Lett. 114B (1982) 445.
6
[2] T. Banks and A. Zaks, Nucl. Phys. B196 (1982) 189.
[3] T. Appelquist and Y. Bai, Phys. Rev. D82 (2010) 071701.
[4] W.A. Bardeen, C.N. Leung, and S.T. Love, Phys. Rev. Lett. 56 (1986) 1230.
[5] W.D. Goldberger, B. Grinstein, and W. Skiba, Phys. Rev. Lett. 100 (2008)
111802.
[6] M.A. Stephanov, Phys. Rev. Lett. 102 (2009) 032301.
[7] G. Kozlov, The critical end point through observables. (The talk given at the
QCHSXI Conference, St. Petersburg, 8-12 September, 2014. To be published in
AIP Proceedings).
[8] G. Parisi and N. Sourlas, Phys. Rev. Lett. 43 (1979) 744.
[9] G. Basar, D.E. Kharzeev, and V. Skokov, Phys. Rev. Lett. 109 (2012) 202303.
[10] M.V. Voloshin, Trace anomaly in QCD and processes with a light higgs boson,
Preprint ITEP-19, Moscow (1986).
[11] K.A. Olive et al. (PDG), Chin. Phys. C38 (2014) 090001.
7
